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We study the generation of single photon perfect W-state. An important aspect of this perfect
W-state is that, it can be used for perfect teleportation and superdense coding, which are not
achievable with maximally entangled W-state. Our scheme for generation involves entanglement
between various path degrees of freedom of a single photon in a compact and weakly coupled
integrated waveguide system, which can be fabricated precisely with femtosecond laser direct writing
technique. These platforms are interferometrically stable, scalable, less sensitive to decoherence and
ensures a very low loss factor of 0.1dBcm−1 during photon propagation and hence are ideal for
generation of perfect W-state. In addition to generation of single photon perfect W-state we study
its non local properties using theory of local elements of reality.
I. INTRODUCTION
Multiqubit entangled states [1–5], due to their impor-
tant applications in quantum information science, are ex-
tensively studied these days. One of these states is GHZ
state [1, 6], which was used to verify Bell’s theorem [7]
without the involvement of any inequality. Studies on
this state have revealed extreme non-classical proper-
ties of it [1]. Its important applications can be found
in Ref. [8–10]. However when losses are considered this
state is seen to be fragile in carrying entanglement. There
exist one more type of multiqubit entangled state known
as W-state [4]. This state is known to have robust prop-
erties against particle loss and it can carry entanglement
for a longer time. These two multiqubit states are shown
to be nonequivalent to each other under local operation
and classical communication [4]. Applications of W-state
can be found in Ref. [11–14]. The general form of the W-
state [15] can be given as:
|W 〉 =
∑
Ci|1i, {0}〉,∑
|Ci|2 = 1.
(1)
where |1i, {0}〉 represents the qubit state |1〉 in ith mode
and |0〉 in all other modes. With different combina-
tions of Ci’s, different forms of W-state can be real-
ized. For example, if one chooses Ci=
1√
P
(for P num-
ber of waveguide modes), maximally entangled W-state
is obtained [16, 17]. However studies on teleportation
protocol with W-state suggested non unit fidelity [18].
In other words teleportation processes with maximally
entangled W-states are not 100% perfect. In their paper
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Agrawal and Pati [19] have suggested the existence of an-
other kind of non-maximally entangled asymmetric three
mode W-state which is suitable for perfect teleportation
and superdense coding and is known as perfect W-state.
The generalized perfect W-state is given as:
|Wp,s〉 = 1√
2 + 2s
(|100〉+√seiΦ1 |010〉+√s+ 1eiΦ2 |001〉)
(2)
where s is a real number, Φ1 and Φ2 are phases acquired
by the state. Using such asymmetric W-state not only
perfect teleportation [19] but also splitting, sharing and
transmission of quantum information are shown [20, 21].
Consequently generation of this state is essential in the
frame work of quantum computation and information
processing. Li Dong et al has proposed a scheme of gener-
ation for such perfect W-state using polarization entan-
glement of three photons in bulk optical elements [22].
However such arrangements are large in size, unscalable
and are sensitive to decoherence.
In this paper we present a scheme for the generation
of three mode perfect W-state by sharing a single pho-
ton between different optical modes. The qubit state is
realized by the presence or absence of photon in corre-
sponding mode. The photonic fock state i.e. the vacuum
(excited) state represents qubit state |0〉 (|1〉). Earlier
work [22] has considered the multiparticle perfect W-
state. Note that non-locality and entanglement are usu-
ally considered as the behaviour of two or more spatially
separated particles (qubits in present case). Generally
in photonic systems polarization (H or V) is considered
as the two levels to represent a qubit state. In such
case the number of particles required is exactly same
as the number of qubits used to represent a quantum
state. However Tan et al [23] first pointed out the fact
that non-locality and entanglement can also be verified
for a single particle (photon) superposition over two dif-
ferent spatial field modes. Later this was experimentally
demonstrated by Hessmo et al [24]. Recently Papp et al
[25] have investigated the multipartite maximally entan-
gled W-state where single photon is shared among four
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2different optical modes and experimentally demonstrated
that these modes are entangled. Moreover Monteiro et
al [26] have proposed a scalable scheme of detecting en-
tanglement between multiple optical paths sharing a sin-
gle photon using local measurements and small displace-
ment operations. We would like to further emphasize
that, the entanglement containing single photon between
its subsystems has found interesting applications such
as, deterministic quantum teleportation [27], path en-
tanglement based teleportation [28], entanglement swap-
ping [29], entanglement purification [30], demonstration
of Einstein-Podolsky-Rosen Steering [31], quantum re-
peaters [32] etc. Moreover Ref. [33–36] discuss similar
concepts in the classical regime.
The platform we have chosen is a system of coupled in-
tegrated waveguides. This system is compact, less sensi-
tive towards decoherence and are interferometrically sta-
ble. Fabrication of these types of systems have been pre-
cisely shown [37, 38] by using femtosecond laser direct-
writing technique. Furthermore loss in photon propa-
gation for these systems was shown to be very low i.e.
about 0.1dB cm−1 [39, 40]. Due to these important prop-
erties photonic integrated circuits [41–50] are finding ap-
plication in quantum computation as well as in quan-
tum information science. Politi et al have shown high
fidelity optical realizations of quantum photonic circuits
and quantum gates using silica-on-silicon integrated sys-
tems [43]. Control and manipulation of single photon and
multi photon entangled states were shown to be possible
by introducing phase shifters in integrated interferome-
ters [51]. Hence these systems are ideal for generation of
perfect W-state. We also analyzed the effect of decoher-
ence in our scheme, which confirms the robustness of the
scheme at the presence of loss. Along with generation we
also study the nonlocal properties of such single particle
perfect W-state.
The description of our work in this paper has been
divided into different sections. Section II describes a de-
tailed process of generation of the desired state with rel-
evant discussions on it in Section III. Section IV gives
idea about the nonlocality study on the state followed by
conclusion in section V.
II. GENERATION OF PERFECT W- STATE
The general form of perfect W-state is represented in
Eq. (2). To produce such a state with a single photon
we have considered an integrated photonic system. The
system consists of three identical single-mode weakly cou-
pled waveguide structures as depicted in Fig. 1(a). Note
that the coupling parameter between the guides (1, 2)
and (2, 3) is kept different. The coupling parameter be-
tween adjacent guides depends on the spatial separation
and can be adjusted as required, by varying the relative
separation between them.
The Hamiltonian of the system can be written as,
Hˆ = ~ω
N∑
j=1
aˆ†j aˆj + ~
N−1∑
j=1
k′(aˆ†j aˆj+1 + aˆj aˆ
†
j+1) (3)
where the first term represents the free propagation of
light with ω proportional to refractive index of the ma-
terial. aˆ†j(aˆj) is the bosonic creation(annihilation) oper-
ator. k′ represents the coupling coefficient between dif-
ferent guides. The value of k′ is set to be k′ = kγj ,
where k is the coupling strength and γj is a number that
depends on j (waveguide index). With this the corre-
sponding Heisenberg equation of motion is given as,
i
daˆ†j
dz
= kγj−1aˆ
†
j−1 + kγj aˆ
†
j+1 (4)
The Heisenberg equation is expressed as a function of
z here, as it is related to propagation time ‘t’ by t = zµ/c
(µ is the refractive index of the waveguide medium). In
matrix form the Heisenberg equation for creation opera-
tors is given as:
i
dA†
dz
= MA† (5)
where A† is the set of creation operators of each guide
and M is the coupling matrix. With the assumption of
identical guides, the individual propagation constants are
neglected from the equations as they can only introduce
a global phase in the result.
γ1 k γ2 k
1 2 3
d1 d2
(a)
(b)
FIG. 1. (a) Schematic view of cross section of coupled waveg-
uide system. Coupling parameters between the guides, γ1k
and γ2k depends on d1 and d2 respectively. (b) Desired sys-
tem for generation of Wp-state with s=1, Φ1=0, and Φ2 = 0.
3The generalized perfect W-state given in Eq. (2) con-
tains a class of asymmetric W-states with different values
of s, Φ1 and Φ2. For simplicity we choose s=1, Φ1=0 and
Φ2=0 and the resultant state can be represented as,
|Wp,1〉 = 1
2
(|100〉+ |010〉+
√
2|001〉) (6)
To obtain the above mentioned (in Eq. (6)) perfect W-
state, the value of γj is chosen to be
√
j. With this the
Heisenberg equations of motion (in Eq. (4)) simplifies to,
i
daˆ†j
dz
= k
√
j − 1aˆ†j−1 + k
√
jaˆ†j+1 (7)
and in matrix form,
i
d
dz

a†1
a†2
a†3
 =
0 k 0k 0 √2k
0
√
2k 0


a†1
a†2
a†3
 (8)
As the coupling matrix M is assumed to be indepen-
dent of z, the input and the output states are related by
the evolution matrix as,
A†(z) = e−izMA†(0) (9)
where e−izM is the evolution matrix and can be written
as:
e−izM=

1
3 (2+cos[
√
3kz]) − isin[√3kz]√
3
√
2
3 (−1+cos[
√
3kz])
− isin[√3kz]√
3
cos[
√
3kz] − i√2√
3
sin[
√
3kz]
√
2
3 (−1+cos[
√
3kz]) − i√2√
3
sin[
√
3kz] 13 (1+2cos[
√
3kz])

(10)
FIG. 2. Evolution of wave function up to a distance of
1.634cm. At z=0 probability of finding the photon at middle
guide was maximum(=1) and at z=1.634cm the probability
becomes 1
4
, 1
4
, and 1
2
at guides 1, 2, and 3 respectively.
Now if a single photon is injected to the middle waveg-
uide then after propagating a particular distance the pho-
tonic wave function will evolve to an asymmetric super-
position and the required state will be obtained. The
1 2 3
0
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0.5
Guide number →
Pr
ob
ab
ili
ty
→
FIG. 3. Probability at different guides at z=1.634cm.
initial wave function of the system can be written as,
|ψ(0)〉 = a†2|000〉 and it evolves to |Wp,1〉 = C1|100〉 +
C2|010〉 + C3|001〉, where C1, C2 and C3 are the prob-
ability amplitudes of |100〉, |010〉 and |001〉 respectively.
The probability amplitudes are given as,
C1 =
isin[
√
3kz]√
3
(11)
C2 = cos[
√
3kz] (12)
C3 =
i
√
2√
3
sin[
√
3kz] (13)
To obtain the desired state the parameters z and k are
to be selected in such a way that |C1|2 = 14 , |C2|2 = 14
and |C3|2 = 12 . The simultaneous solution of the above
conditions yields kz=0.6046. This results in a state,
|Wp,1〉 = 1
2
(i|100〉+ |010〉+ i
√
2|001〉) (14)
The state represented in Eq. (14) is obtained with
a phase factor. Phase of such state in different modes
can be manipulated inside the integrated system itself
by addition of optical phase shifters [51] to individual
guides. In particular, for our case a phase shifter can be
added to the middle waveguide mode and an extra phase
of ‘i’ can be introduced. The resulting state will then be
a perfect W-state with a global phase ‘i’ i.e.,
|Wp,1〉 = i
2
(|100〉+ |010〉+
√
2|001〉) (15)
The integrated system of waveguides required to
generate such a state is to be fabricated with relatively
different coupling constant between adjacent guides
but with same propagation constant. The coupling
between two guides can be controlled by varying the
distance between them. The dependence of coupling
constant on distance for weakly coupled guides is
4given as k′j = ke
[−(dj−d1)/d0] where d0 and d1 are
fit parameters and k is the characteristic coupling
strength and the desired separation between the guides
is given as, dj = d1 − d0 log(
√
j). For example to
obtain a Wp,1-state, coupling parameter γj is chosen
to be
√
j. Hence the coupling coefficient between the
guides become k′j = k
√
j with relative distance between
the guides dj = d1 − d0 log(
√
j). Such a coupling (as
shown in Fig. 1(b)) has already been realized using
femtosecond laser direct writing method which results
in stable and low loss waveguide structures known as
Glauber-Fock photonic lattices [52]. The value of kz
(normalized distance) is calculated to be 0.6046. For
the type of system we have considered, the value of k
is given to be 0.37cm−1 [52]. Hence at a distance of
1.634cm, 3.268cm and so on, the initial wave function
of the system evolves to perfect W-state after a phase
modulation. The evolution of wave function to W-state
at 1.634cm, is shown in Fig. 2 and probability of each
guide at 1.634cm is shown in Fig. 3. The formation
of W-state at different positions is shown by a contour
plot in Fig. 4. The dashed lines represent the positions
where the state is obtained.
FIG. 4. Contour plot showing probability in different guides
with respect to propagation distance with dashed lines show-
ing positions where perfect W-state is obtained.
For s=2, Φ1=0 and Φ2=0 the form of perfect W-state
is given as,
|Wp,2〉 = 1√
6
(|100〉+
√
2|010〉+
√
3|001〉) (16)
To obtain the state represented in the above equation,
similar process can be followed. The parameter γj for
this state is chosen to be
√
2j − 1 and the Heisenberg
equation is given as,
i
daˆ†j
dz
= k
√
2j − 3aˆ†j−1 + k
√
2j − 1aˆ†j+1 (17)
and in matrix form,
i
d
dz

aˆ†1
aˆ†2
aˆ†3
 =
0 k 0k 0 √3k
0
√
3k 0


aˆ†1
aˆ†2
aˆ†3
 (18)
The evolution matrix is given as,
e−izM=

1
4
(3+cos[2kz]) −icos[kz]sin[kz] −
√
3
2
sin2[kz]
−icos[kz]sin[kz] cos[2kz] −i√3cos[kz]sin[kz]
−
√
3
2
sin2[kz] −i√3cos[kz]sin[kz] 1
4
(1+3cos[2kz])

(19)
Further proceeding in the same way as done for s=1,
the value of kz where the required state is obtained, is
calculated to be 0.4777. With the value of k=0.37cm−1
W-state is obtained at 1.291cm. The coupling coefficient
in this case can be given as, k′j = k
√
2j − 1. To achieve
such coupling, the distance between the guides would be-
come dj = d1 − d0 log(
√
2j − 1). Similarly the value of
γj for s=3 is chosen to be
√
3j − 2. Hence the coupling
coefficient and the distance between the guides can be
given as k′j = k
√
3j − 2 and dj = d1 − d0 log(
√
3j − 2)
respectively.
Note that our scheme is based on the propagation of a
single photon in coupled waveguide structure. The single
photon required, is usually obtained by probabilistic non-
linear spontaneous parametric down conversion (SPDC)
process by the help of a non-linear crystal. Recently,
single photons are obtained within the integrated system
itself to avoid the use of bulk optical elements. Such
type of deterministic single photon source has already
been demonstrated in Ref. [53, 54].
III. DISCUSSION ON STATE GENERATION
A. Effect of dissipation
In this section we consider the effect of photon loss.
The generation scheme we have presented till now doesn’t
consider any loss. However a general analysis can be done
by including the loss [56–60].
We study the effect of dissipation by using master
equation given as,
ρ˙ = − i
~
[H, ρ] + Lρ (20)
where ρ is the time dependent density matrix of the state
and L is the Lindblad superoperator which is given as,
Lρ = −β
3∑
j=1
(aˆ†j aˆjρ− 2aˆjρaˆ†j + ρaˆ†j aˆj) (21)
5where β is the photon loss rate associated with each
mode. Eq. (20) is solved for three modes to get the
time dependent density matrix with loss factor, as done
in Ref. [55]. The fidelity of state generation is then cal-
culated by using the formula,
F = [Tr(
√√
σρ
√
σ)]2 (22)
where σ and ρ are the density matrices obtained with-
out and with loss. The variation of fidelity with loss for
both case is shown in Fig. 5. The typical values of β/k
are considered from Ref. [55].
(a)
(b)
FIG. 5. Variation of fidelity with photon loss rate for (a) s=1
and (b) s=2 perfect W-state.
From Fig. 5 it can be noted that the fidelity for state
generation is not decreasing much with increase in β/k.
Hence our scheme is robust in the presence of loss.
B. Generalization of the scheme
The generalized perfect W-state represented in Eq. (2)
contains various states. One can generalize the scheme
for generation of any state with corresponding coupling
and propagation distance. The generalized parameters
can be obtained by comparing the generalized form of
Eqs. (11)-(13) with Eq. (2). The parameters are given
as,
γ =
√
s+ 1 (23)
and
kz =
1√
1 + γ2
tan−1(
√
1 + γ2
s
) (24)
where we set γ= γ2 and γ1=1. The parameters Φ1 and
Φ2 appearing in Eq. (2) can be manipulated inside the
waveguides itself by the use of by optical phase control
resistive elements [51].
IV. NON-LOCALITY OF PERFECT W-STATE
In this section, the nonlocality of perfect W state (Eq.
(6)) is demonstrated without and with inequality rela-
tion. The method based on Hardy-type proof of nonlo-
cality without inequality, described for some generalized
GHZ and W states [61], is adopted here to prove the non-
locality of perfect W state without inequality relation.
First, the observable corresponding to Pauli operator Zˆ
is considered. Zˆi measurement at site i with outcome
zi = +1(−1) indicates the presence (absence) of photon
at that site. Since photon is present at only one site, the
outcome zi = +1 can’t be obtained for more than one
site, that is, p(zi = zj = +1) = 0. Suppose Zˆ measure-
ment is performed at sites 1 and 2. Then
z1 = +1 and z2 = +1 never occurs. (25)
Next, another operator Kˆ with eigenvectors |k±〉 cor-
responding to eigenvalues ±1, is considered. The basis
vectors |1〉 and |0〉 can be expressed in the bases |k±〉 as
follows.
|1〉 = cosα
2
|k+〉+ sinα
2
|k−〉, (26)
|0〉 = sinα
2
|k+〉 − cosα
2
|k−〉. (27)
The states |k±〉 can be prepared similar to |x±〉 as de-
scribed in Ref [62]. In the above transformation, if the
parameter, α, is chosen to satisfy the following condition,
cos2
α
2
=
√
2sin2
α
2
, (28)
the perfect W state can be rewritten in the bases
{|k±〉}2,3 and {|k±〉}1,3 as follows:
|Wp,1〉 = 1
2
sin2
α
2
{
|1〉i
[
|k + k+〉+
√
2|k − k−〉
− 4
√
2
(
|k + k−〉+ |k − k+〉
)]
+|0〉i
[(
4
√
2 +
4
√
8
)(|k + k+〉 − |k − k−〉)
−|k − k+〉
]}
j,3
,
(29)
6where i, j = 1, 2. In the basis {|k±〉}2,3, Zˆ measurement
at site 1 and Kˆ measurement at sites 2 and 3 imply the
following.
if k2 = +1, k3 = −1 then z1 = +1. (30)
Similarly in the basis {|k±〉}1,3, Zˆ measurement at site
2 and Kˆ measurement at sites 1 and 3 imply
if k1 = +1, k3 = −1 then z2 = +1. (31)
When the perfect W state is written in the basis
{|k±〉}1,2,3 and Kˆ measurement is performed at all three
sites, it can be verified that
k1 = k2 = +1 and k3 = −1 sometimes occurs. (32)
Let Kˆ measurement is performed at all three sites and
the outcomes k1 = k2 = +1 and k3 = −1 are obtained. In
this particular measurement, if Zˆ measurement had been
performed at sites 1 and 2, instead of Kˆ measurement, by
theory of local elements of reality, the outcomes at sites
1 and 2 would have been z1 = z2 = +1 which contra-
dicts Eq. (25). This clearly demonstrates the nonlocality
of perfect W state. This contradiction has ”sometimes-
always-never” structure (see Fig. 6) similar to Hardy’s
proof of nonlocality of nonmaximally entangled two qubit
states [63, 64].
Sometimes
k1 = +1, k3 = −1 k2 = +1, k3 = −1
z1 = +1 z2 = +1
Never
AlwaysAlways
FIG. 6. Diagram of proof of nonlocality without inequality
for perfect W state.
The probabilities involved in the above arguments can
be written in the form of Bell-CH inequality [65, 66] as
follows.
p(k1 = +1, k2 = +1, k3 = −1)
−p(z1 = −1, k2 = +1, k3 = −1)
−p(k1 = +1, z2 = −1, k3 = −1)
−p(z1 = +1, z2 = +1, k3 = −1) ≤ 0.
(33)
Violation of this inequality relation implies the nonlo-
cality of the state. For perfect W state, the first proba-
bility in the above inequality relation can be found as
p(k1 = +1, k2 = +1, k3 = −1) = 1
2
sin6
α
2
, (34)
and all other three probabilities are zero. Hence the
perfect W state violates the inequality relation [Eq. (33)]
and it proves the nonlocal nature of the perfect W state.
V. CONCLUSION
In conclusion, we have proposed a method for gen-
eration of single photon three mode perfect W-state
in a compact and interferometrically stable waveguide
system, where the path degrees of freedom of a single
photon has been manipulated to achieve the required
state. The method we have proposed is experimentally
feasible as the low loss factor ensures efficient generation
of the state. Hence these systems can be regarded as a
versatile tool to be used in quantum information pro-
cessing. In future the system can be scaled accordingly
to produce the generalized W-state [67] for quantum
communication processes. We have also shown the
nonlocality of single photon perfect W-state using local
elements of reality.
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